
AIAA JOURNAL

Vol. 40, No. 2, February 2002

Dynamic Analysis of Flexible Beams Undergoing Overall
Motion Employing Linear Strain Measures

Seok Seo¤ and Hong Hee Yoo†

Hanyang University, Seoul 133-791, Republic of Korea

A modeling method for the dynamic analysis of a � exible beam undergoing free overall motion is proposed. The
overall motion is measured at a reference frame that is a rigid cross section of the beam. The elastic deformation
is measured with respect to the reference frame and is expressed with deformation variables including a stretch
variable. The use of a stretch variable leads to a simple linear strain measure and a corresponding quadratic strain
energy expression. In spite of the simplicity, motion-induced stiffness variation effects, which are often critically
important to the dynamic analysis of � exible structures undergoing overall motion, can be captured accurately
by the modeling method. To demonstrate the accuracy of the modeling method, test problems are presented and
solved. The present modeling method proves to be as accurate as a nonlinear � nite element modeling method.
Applicable ranges of the present modeling method are investigated through dimensional analysis and numerical
study.

Nomenclature
A = reference frame that is the left-side cross section

of the beam
aP = acceleration of the generic point P
Oa1, Oa2, Oa3 = orthogonal unit vectors � xed to the left-side

cross section of the beam
B = reference frame that is the cross section where

an external torque is applied
dr = distance from point O to the point where an

external force is applied
dt = distance from point O to the center of the cross

section where an external torque is applied
E = Young’s modulus
Fi = generalized active forces
FC

i = generalized active forces due to conservative
forces

F N
i = generalized active forces due to nonconservative

forces
F¤

i = generalized inertia forces
I = area moment of inertia of the beam cross

section
L = length of the beam
N = Newtonian reference frame
On1 , On2 , On3 = orthogonal unit vectors � xed to the Newtonian

reference frame
pi = generalized speeds
q1i ; q2i = generalized coordinates related to elastic

deformation
R = external force vector
R1; R2 = measuring numbers of R in the direction

of Oa1 and Oa2

S = cross-sectionalarea of the beam
s = arc length stretch along the neutral axis
T = magnitude of T
T = external torque vector
Tmax = maximum value of T
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NT , NR1 , NR2 = dimensionless forms of T , R1, and R2
NTmax, NR1;max , = maximum values of NT , NR1 , and NR2
NR2;max

t f = time duration while the external torque is active
ts = time to reach the maximum value of torque
t¤ = reference time
U = elastic strain energy of a beam
u1, u2 = measuring numbers of deformation in the

directionsof Oa1 and Oa2

vO = velocity of point O
vP = velocity of the generic point P
vP

i = partial velocities of the generic point P
v1 , v2 = measuring numbers of the velocity of the

generic point P in the directions of Oa1 and Oa2

x = distance from O to P0

x¤, y¤ = measuring numbers of the vector from O¤ to O
in the direction of On1 and On2

zi j = dimensionless form of generalized coordinates
related to elastic deformation

® = slenderness ratio
±r = applied force location ratio
±t = applied torque location ratio
³ = dimensionless form of x
´ = dimensionless time to reach the maximum value

of external load
µ¤ = angle between On1 and Oa1

¹ = sum of ¹1 and ¹2

¹1, ¹2 = numbers of generalized coordinates for s and u2

½ = mass per unit length of the beam
¾ , ° = dimensionless forms of x¤ and y¤

¿ = dimensionless time
Á1i , Á2i = spatial mode functions for s and u2

! A = angular velocity of cross section A
!B = angular velocity of cross section B
!B

i = partial angular velocities of cross section B
!3 = angular speed of cross section A
0 = partial derivative of the symbol with respect to x
00 = double differentiationof the symbol with

respect to x
P = time derivative of the symbol

I. Introduction

S TRUCTURES undergoing overall motion are often assumed
as rigid bodies when their elastic deformation remains small

during the overall motion. However, elastic deformation does not
remain small in some cases. Flexible spacecraft structures, which
may have large deformations during their operation, are such

319



320 SEO AND YOO

examples. Furthermore, even small elastic deformation may have
signi� cant meaning for some cases, such as precision machines. In
those cases, the elastic deformation as well as the overall motion
should be analyzed accurately.The elastic deformation is generally
coupledwith the overall motion. Thus, an adequatedynamic model-
ing method, by which the elastic deformation as well as the overall
motion can be analyzed simultaneously, is needed.

The most widely used modeling method by which the elastic
deformation as well as the overall motion can be analyzed simul-
taneously is the classical linear modeling method (for instance, see
Refs. 1–3). This modeling method employs Cartesian deformation
variables and the linear Cauchy strain measures. It has several mer-
its, such as simplicity of formulation, ease of implementation in � -
nite element methods, and ef� ciency of computation,which results
from the use of coordinate reduction techniques.4;5 This modeling
method, however, often provides erroneous results when structures
undergo overall motion such as rotation. To resolve the problem of
the classical linear modeling method, several nonlinear modeling
methods6¡8 have been developed. With these nonlinear modeling
methods, the accuracy problem could be resolved. However, seri-
ous computational inef� ciency results from the nonlinearity,which
disables the coordinate reduction techniques.

Recently a new linear modeling method for the dynamic analysis
of a � exible beam undergoingoverall motion was introduced.9 This
modeling method employs hybrid deformationvariables (including
a stretch variable) along with a special linear strain measure. With
thismodelingmethod,not only the accuracyproblemof the classical
linear modeling method but also the inef� ciency problem of non-
linear modeling methods could be resolved. In Ref. 9, however, the
overall motion was assumed to be prescribed so that only the effect
of the overall motion on the elastic deformation could be analyzed.
In other words, the effect of the elastic deformation on the overall
motion has not been analyzed so far. Moreover, the effects of the
external force and the external torque have not been incorporated
into the modelingmethod.These effectswere previouslyconsidered
in other approachesbut have never been considered in the approach
employed in the present work. Furthermore, applicable ranges of
the present modeling method (limiting external force and torque)
have not been investigated in previous study.

The purposeof the presentwork is to proposea modelingmethod
for a � exible beam undergoing free overall motion. Different from
the previouswork in Ref. 9, an external torque and an external force
are considered, and the governing equations related to overall mo-
tion as well as elastic deformation are derived. The effect of the
elastic deformation on the overall motion (as well as the effect of
the overall motion on the elastic deformation) is investigated, and
the accuracy of the modeling method is examined through compar-
ing its numerical results to those of a nonlinearmodelingmethod. In
the presentwork, moreover, applicableranges of the presentmodel-
ing method are investigated by employing dimensionlessequations
of motion. The limiting external force and torque, which show the
capability limit of the present modeling method, are found. There-
fore, the extension of the formulation and the investigation of the
capability limit of the previous work (in Ref. 9) constitute the main
contributionof the present work.

II. Equations of Motion
In this section, the procedure of deriving equations of motion of

a beam undergoing free overall motion is presented. The method
of Kane and Levinson10 is employed to derive the equations of
motion. To explain the procedureof derivingequationsof motion in
a simple and easy way (while exhibiting the key ingredients of the
proposed modeling method), the following assumptions are made.
The overall motion and the elastic deformation are constrained to
occur in a plane.The beamhas slendershape so that the shearand the
rotaryinertiaeffectsare ignored.Thus,Euler–Bernoullibeamtheory
is employed. The beam has homogeneous and isotropic material
properties.Any of these assumptions can be removed, if necessary,
to obtain more general equations of motion.

Figure 1 shows the con� gurationof a deformed beam undergoing
free overall motion in a plane. Any cross section of the beam can be
regardedas a reference frame because it is assumed to rotate rigidly

Fig. 1 Con� guration of a deformed beam undergoing free overall
motion.

in Euler–Bernoulli beam theory. Two reference frames are chosen
from the cross sections of the beam. The � rst one is the left-side
cross section of the beam, A, to which mutually orthogonal unit
vectors Oai are � xed. Point O is located at the neutral axis of cross
section A. Elastic deformationis measured with respect to reference
frame A. The secondone is crosssection B, wherean externaltorque
T is applied. The Newtonian reference frame N , which is � xed in
space, is also shown in Fig. 1. Point O¤ andmutuallyorthogonalunit
vectors Oni are � xed to the Newtonian reference frame. An external
forceR is appliedto an arbitrarypoint Q. The genericpoint P0 moves
to P afterelasticdeformationoccurs.The elasticdeformationvector
u is expressed as follows:

u D u1 Oa1 C u2 Oa2 (1)

The velocity of point O and the angular velocity of cross section A
are given as follows:

vO D Px¤ On1 C Py¤ On2 D v1 Oa1 C v2 Oa2 (2)

!A D Pµ¤ On3 D !3 Oa3 (3)

By the use of Eqs. (2) and (3), the velocity and the acceleration of
the generic point P can be obtained as follows:

vP D .v1 C Pu1 ¡ !3u2/ Oa1 C fv2 C Pu2 C !3.x C u1/g Oa2 (4)

aP D
©

Pv1 C Ru1 ¡ P!3u2 ¡ 2!3 Pu2 ¡ !3v2 ¡ !2
3.x C u1/

ª
Oa1

C
©

Pv2 C Ru2 C P!3.x C u1/ C 2!3 Pu1 C !3v1 ¡ !2
3u2

ª
Oa2 (5)

Because the shear effect is assumed to be negligible, the angular
velocity of cross section B can be obtained as follows:

!B D
³

!3 C @ Pu2

@x

­­­­
x D dt

´
Oa3 (6)

In the classical linear modeling method, u1 and u2 are approx-
imated to derive the ordinary differential equations of motion. In
this modeling method, however, the arc length stretch along the
neutral axis of the beam, s, is approximated along with the lateral
displacement u2 as follows:

s D
¹1X

i D 1

Á1i .x/q1i .t/ (7)

u2 D
¹2X

i D 1

Á2i .x/q2i .t/ (8)

where Á1i .x/ and Á2i .x/ are spatialmode functionsfor s and u2. Any
compact set of mode functionsthat satis� es the boundaryconditions
of the beam can be used. Because s instead of u1 is approximated
in this modeling method, u1 and Pu1 need be expressed in terms of
s, u2 , Ps, and Pu2 . For this purpose, the following geometric relation
between s and the Cartesian variables is employed:
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x C s D
Z x

0

"³
1 C @u1

@»

´2

C
³

@u2

@»

´2
# 1

2

d» (9)

Using the binomialexpansiontheorem,Eq. (9) can be approximated
(without affecting the � nal equations of motion, which are linear in
terms of q1i and q2i ) as follows:

s D u1 C 1
2

Z x

0

³
@u2

@»

´2

d» (10)

Differentiationof the precedingequationwith respect to time results
in the following equation:

Ps D Pu1 C
Z x

0

³
@u2

@»

´³
@ Pu2

@»

´
d» (11)

Using Eqs. (4), (6–8), (10), and (11), the partial velocities of point
P and the partial angular velocities of the cross section B can be
obtained from the following equation:

vP
i D @vP

@pi
.i D 1; 2; : : : ; ¹ C 3/ (12)

!B
i D @!B

@pi
.i D 1; 2; : : : ; ¹ C 3/ (13)

where pi are given as follows:

pi D Pq1i .i D 1; 2; : : : ; ¹1/ (14)

pi C ¹1 D Pq2i .i D 1; 2; : : : ; ¹2/ (15)

p¹ C 1 D v1 (16)

p¹ C 2 D v2 (17)

p¹ C 3 D !3 (18)

The partialvelocitiesof point Q can be obtained from those of point
P by substituting a speci� c value for x , that is, x D dr .

Because the rotary inertiaeffect is ignored, the generalizedinertia
forces of the beam are obtained from the following equation:

F¤
i D ¡

Z L

0

½aP ¢ vP
i dx .i D 1; 2; : : : ; ¹ C 3/ (19)

The generalizedactive forces of the beam can be obtained from the
following equation:

Fi D FC
i C F N

i .i D 1; 2; : : : ; ¹ C 3/ (20)

FC
i and F N

i can be obtained from the following equations:

FC
i D ¡ @U

@q1i
.i D 1; 2; : : : ; ¹1/ (21)

FC
i C ¹1

D ¡ @U

@q2i
.i D 1; 2; : : : ; ¹2/ (22)

F C
¹ C i D 0 .i D 1; 2; 3/ (23)

F N
i D T ¢ ! B

i C R ¢ vQ
i .i D 1; 2; : : : ; ¹ C 3/ (24)

U shown in Eqs. (21) and (22) represents the elastic strain energy
of a beam and is given as follows:

U D 1

2

Z L

0

ES

³
@s

@x

´2

dx C 1

2

Z L

0

EI

³
@2u2

@x2

´2

dx (25)

The generalizedinertia forces and the generalizedactive forcescon-
stitute the equations of motion as follows:

F ¤
i C Fi D 0 .i D 1; 2; : : : ; ¹ C 3/ (26)

When the terms that are nonlinear in terms of q1i and q2i are trun-
cated, the resulting equations of motion can be obtained as follows:

¹1X

j D 1

m11
i j Rq1 j ¡ P!3

¹2X

j D 1

m12
i j q2 j ¡ 2!3

¹2X

j D 1

m12
i j Pq2 j

¡ !2
3

¹1X

j D 1

m11
i j q1 j C

¹1X

j D 1

kS
i j q1 j D ¡. Pv1 ¡ !3v2/P1i

C !2
3 Q1i C R1Á1i .dr / .i D 1; 2; : : : ; ¹1/ (27)

¹2X

j D 1

m22
i j Rq2 j ¡ !2

3

¹2X

j D 1

m22
i j q2 j C P!3

¹1X

j D 1

m21
i j q1 j C 2!3

¹1X

j D 1

m21
i j Pq1 j

¡ . Pv1 ¡ !3v2/

¹2X

j D 1

kG A
i j q2 j C !2

3

¹2X

j D 1

kG B
i j q2 j C

¹2X

j D 1

k B
i j q2 j

D ¡. Pv2 C !3v1/P2i ¡ P!3 Q2i ¡ R1

¹2X

j D 1

k R
i j q2 j

C R2Á2i .dr / C T .t/Á2i;x .dt / .i D 1; 2; : : : ; ¹2/ (28)

. Pv1 ¡ !3v2/½L ¡ P!3

¹2X

j D 1

P2 j q2 j C
¹1X

j D 1

P1 j Rq1 j

¡ 2!3

¹2X

j D 1

P2 j Pq2 j ¡ 1

2
½L2!2

3 ¡ !2
3

¹1X

j D 1

P1 j q1 j D R1 (29)

. Pv2 C !3v1/½L C
¹2X

j D 1

P2 j Rq2 j C 1

2
½L2 P!3 C P!3

¹1X

j D 1

P1 j q1 j

C 2!3

¹1X

j D 1

P1 j Pq1 j ¡ !2
3

¹2X

j D 1

P2 j q2 j D R2 (30)

1
3

½L3 P!3 C 2 P!3

¹1X

j D 1

Q1 j q1 j ¡ . Pv1 ¡ !3v2/

¹2X

j D 1

P2 j q2 j

C 1

2
. Pv2 C !3v1/½L2 C . Pv2 C !3v1/

¹1X

j D 1

P1 j q1 j

C
¹2X

j D 1

Q2 j Rq2 j C 2!3

¹1X

j D 1

Q1 j Pq1 j D ¡R1

¹2X

j D 1

Á2 j .dr /q2 j

C R2

³
dr C

¹1X

j D 1

Á1 j .dr /q1 j

´
C T (31)

where

kS
i j D

Z L

0

ESÁ1i;x Á1 j;x dx (32)

kB
i j D

Z L

0

EIÁ2i;x x Á2 j;x x dx (33)

P® i D
Z L

0

½Á®i dx (34)

Q®i D
Z L

0

½xÁ®i dx (35)

m®¯

i j D
Z L

0

½Á® i Á¯ j dx (36)
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kG A
i j D

Z L

0

½.L ¡ x/Á2i;x Á2 j;x dx (37)

kG B
i j D 1

2

Z L

0

½.L2 ¡ x2/Á2i;x Á2 j;x dx (38)

k R
i j D

Z dr

0

Á2i;x Á2 j;x dx (39)

If the classical linear modeling method were employed to de-
rive the equations of motion, the terms involving kG A

i j and kG B
i j in

Eq. (28) would not appear.These terms are often called the motion-
induced stiffness variation terms. Without these terms, the classi-
cal linear modeling method often provides erroneous results. As
shown in Eq. (28), the stiffness variationsbecome signi� cant when
. Pv1 ¡ !3v2/ or !2

3 are signi� cant. It can be interpreted that the stiff-
ness variation terms become signi� cant when the large overall mo-
tion induces a stretching (or compressing) effect to the beam.

In the followingsection, the applicablerangesof the presentmod-
eling method will be discussed.For this purpose, the dimensionless
equations of motion need to be derived. To derive dimensionless
equations of motion, the dimensionlessvariables are de� ned as fol-
lows:

¿ D t=t¤ (40)

³ D x=L (41)

zi j D qi j =L (42)

¾ D x¤=L (43)

° D y¤=L (44)

! D t¤!3 (45)

where

t¤ D
p

½L4=EI (46)

When these dimensionless variables are used, the dimensionless
equations of motion can be obtained as follows:

¹1X

j D 1

NM11
i j Rz1 j ¡ P!

¹2X

j D 1

NM 12
i j z2 j ¡ 2!

¹2X

j D 1

NM12
i j Pz2 j ¡ !2

¹1X

j D 1

NM11
i j z1 j

C ®2
¹1X

j D 1

NK S
i j z1 j D ¡. P̄

1 ¡ !¯2/ NP1i C !2 NQ1i C NR1Ã1i .±r /

.i D 1; 2; : : : ; ¹1/ (47)

¹2X

j D 1

NM22
i j Rz2 j ¡ !2

¹2X

j D 1

NM22
i j z2 j C P!

¹1X

j D 1

NM 21
i j z1 j C 2!

¹1X

j D 1

NM21
i j Pz1 j

¡ . P̄
1 ¡ !¯2/

¹2X

j D 1

NK G A
i j z2 j C !2

¹2X

j D 1

NK G B
i j z2 j C

¹2X

j D 1

NK B
i j z2 j

D ¡. P̄
2 C !¯1/ NP2i ¡ P! NQ2i ¡ NR1

¹2X

j D 1

NK R
i j z2 j C NR2Ã2i .±r /

C NT Ã2i;³ .±t / .i D 1; 2; : : : ; ¹2/ (48)

. P̄
1 ¡ !¯2/ C

¹1X

j D 1

NP1 j Rz1 j ¡ P!
¹2X

j D 1

NP2 j z2 j ¡ 2!

¹2X

j D 1

NP2 j Pz2 j

¡ 1

2
!2 ¡ !2

¹1X

j D 1

NP1 j z1 j D NR1 (49)

. P̄
2 C !¯1/ C

¹2X

j D 1

NP2 j Rz2 j C
1

2
P! C P!

¹1X

j D 1

NP1 j z1 j

C 2!

¹1X

j D 1

NP1 j Pz1 j ¡ !2
¹2X

j D 1

NP2 j z2 j D NR2 (50)

¡. P̄
1 ¡ !¯2/

¹2X

j D 1

NP2 j z2 j C 1

2
. P̄

2 C !¯1/ C . P̄
2 C !¯1/

¹1X

j D 1

NP1 j z1 j

C 1

3
P! C 2 P!

¹1X

j D 1

NQ1 j z1 j C
¹2X

j D 1

NQ2 j Rz2 j C 2!

¹1X

j D 1

NQ1 j Pz1 j

D ¡ NR1

¹2X

j D 1

Ã2 j .±r /z2 j C NR2

³
±r C

¹1X

j D 1

Ã1 j .±r /z1 j

´
C NT

(51)

where

±r D
dr

L
(52)

±t D
dt

L
(53)

® D

r
SL2

I
(54)

NR1 D
R1 L2

EI
(55)

NR2 D
R2 L2

EI
(56)

NT D
TL

EI
(57)

NK S
i j D

Z 1

0

Ã1i;³ Ã1 j;³ d³ (58)

NK B
i j D

Z 1

0

Ã2i;³ ³ Ã2 j;³ ³ d³ (59)

NP®i D
Z 1

0

Ã®i d³ (60)

NQ®i D
Z 1

0

³Ã®i d³ (61)

NM®¯

i j D
Z 1

0

Ã®i Ã¯ i d³ (62)

NK G A
i j D

Z 1

0

.1 ¡ ³ /Ã2i;³ Ã2 j;³ d³ (63)

NK G B
i j D

Z 1

0

.1 ¡ ³ 2/Ã2i;³ Ã2 j;³ d³ (64)

NK R
i j D

Z ±r

0

Ã2i;³ Ã2 j;³ d³ (65)

¯1 D cosµ¤ P¾ C sin µ¤ P° (66)

¯2 D ¡sin µ¤ P¾ C cosµ ¤ P° (67)

III. Numerical Study
In this section, numerical examples are presented and solved to

exhibit the integrity of the proposed modeling method. To solve the
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equations of motion, two stretching and three bending mode func-
tions, which are proven to be suf� cient for the solutionconvergence
through numerical study, are employed. The eigenfunctions of a
cantilever beam (obtained from the longitudinal and the bending
vibration analysis) are used as the mode functions. For numeri-
cal integration,a fourth-ordervariable step Runge–Kutta method is
used. A nonlinear � nite element commercial code11;12 is employed
to producenumerical results to which those of the presentmodeling
method are compared.

For the � rst problem,thebeamundertakesonly anexternaltorque,
which is applied to one of the three points shown in Fig. 2a. The
data used for the problem are given in Table 1. The function of the
torque is given as follows:

if 0 · t < t f ; T .t/ D 1
2
Tmax[1 ¡ cos.2¼ t=t f /]

elsewhere T .t/ D 0 (68)

This function varies smoothly so that it can avoid any numerical
trouble due to discontinuitiesduring the integration.

Figure3 shows the bendingde� ectionsof the right endpointof the
beam, which are measured with respect to the left endpointby using
the coordinate system attached to the left-end cross section of the

Table 1 Simulation data for numercial examples

First Second
Notation problem problem

Mass per unit length ½, kg/m 1.2 1.0
Young’s modulus E , GPa 70.0 1.0
Length L , m 10 10
Cross-sectional area S, m2 4.0E–4 1.0E–5
Area moment of inertia I , m4 2.0E–7 5.0E–7
Maximum value of torque Tmax , N ¢ m 150 40
Time to reach the maximum value of torque ts , s —— 2
Time duration while the external torque is active t f , s 10 5

a) First problem b) Second problem

Fig. 2 Description of external load for the � rst and the second
problems.

Fig. 3 Comparison of lateral de� ections obtained by the present and
classical linear modeling methods.

beam. The external torque is applied to the right endpoint (case 1 in
Fig. 2a). The solid line represents the result obtained by the present
modeling method, and the dotted line represents that obtained by
the classical linear modeling method. It is shown that the classi-
cal linear modeling method provides a diverging result whereas the
present modeling method provides a well converging result. As al-
ready discussed, the equations of motion obtained by the classical
linearmodeling method do not include the motion-inducedstiffness
variation terms [shown in Eq. (28)], and the absence of those terms
results in the qualitativelydifferent response as shown in Fig. 3.

Figures4 and 5 show the bendingde� ectionsof the right endpoint
of the beam, which are measured with respect to the left endpoint
by using the coordinatesystem attached to the left-endcross section
of the beam. Two cases of simulations are made (cases 2 and 3 in
Fig. 2a). The external torque is applied to the left endpointin the � rst
caseand themiddlepoint in the secondcase.Solid lines representthe
results obtained by the present modeling method, and dotted lines
representthe resultsobtainedby a nonlinear� nite element commer-
cial code. The results obtained by the two methods are shown to be
in good agreement overall. Figures 4 and 5, however, show that the
commercial codeprovidessomewhat disturbingresponses,whereas
the present modeling method provides smooth plausible responses.
Arti� cial damping is often used to remedy the problem of disturb-
ing responsesobtainedwith the nonlinear� nite element commercial
code. Determining the amount of arti� cial damping is sometimes a
nuisance. Figure 6 shows the trajectories of the left endpoint of the
beam for the � rst case of simulation that are obtained by using the

Fig. 4 Lateral de� ection of the beam (torque applied to left endpoint).

Fig. 5 Lateral de� ection of the beam (torque applied to middle point).
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Fig. 6 Trajectory of the left endpoint of beam for the � rst problem.

presentmodeling method and the nonlinear � nite elementmodeling
method. It is shown that the two results are almost identical.

For the second problem, an external force, as well as an exter-
nal torque, is applied to the beam. The external torque is given as
follows:

if 0 · t < ts; T .t/ D Tmax

³
t

ts
¡

1

2¼
sin

2¼ t

ts

´

if ts · t < t f ¡ ts; T .t/ D Tmax

if t f ¡ ts · t < t f ; T .t/ D Tmax

µ
t f ¡ t

ts
¡ 1

2¼
sin

2¼.t f ¡ t/

ts

¶

elsewhere T .t/ D 0 (69)

The external force R is given as follows:

R D R.t/ On1 (70)

where

R.t/ D T .t/=10 (71)

The data used for the second problem are also given in Table 1. As
shown in Table 1, the beam is very � exible (see Young’s modulus).
The external torque and the external force are applied to the left
endpoint of the beam, as shown in Fig 2b.

Figure 7 shows the bending de� ections of the right endpoint of
the beam, which are measured with respect to the left endpoint by
using the coordinatesystem attached to the left-end cross section of
the beam. The solid line represents the result obtainedby the present
modeling method, and the dotted line represents that obtained by
the nonlinear � nite element modeling method. The the two results
appear to be in good agreement in the transient region, although
they show some phase difference in the steady-state region. The
difference results from the arti� cial numerical damping added to
the nonlinear � nite element modeling. Without the arti� cial numer-
ical damping, numerical integration failures are often encountered
during the integration. Because of the damping effect, the natural
frequency of the steady-state response obtained by the nonlinear
� nite element modeling method is shown to be lowered slightly.

Figure 8 shows the trajectory of the left endpoint of the beam
during the simulation. For the same reason, that is, arti� cial numer-
ical damping, a small amount of differencebetween the two results
exists.Figure 9 shows 20 con� gurationsof the beam. The bold lines
are the con� gurations of the beam at the moment of 3 and 13 s af-
ter the simulation starts. The other 18 con� gurations are drawn at
18 moments at a 0.5-s interval. Figure 9 shows the overall motion
including the elastic deformation. To investigate the effect of the
elastic deformation on the overall motion of the beam, the results

Fig. 7 Lateral de� ection of the beam for the second problem.

Fig. 8 Trajectory of the left endpoint of beam for the second problem.

Fig. 9 Flight con� gurations of the beam for the second problem.

of overall motion with different bending stiffnesses are compared.
Figure 10 shows the difference between rigid-body rotating angles
with EI D 500 (which is given in Table1) and EI D 5000.This shows
that the overall motion is clearly in� uenced by the � exibility of the
beam, which is related to the elastic deformation.

The limitations of the present modeling method were discovered
during the numerical study. The system mass matrix, which con-
sists of the coef� cients of the highest-order terms in Eqs. (27–31),
becomes singularwhen the maximum external load increasesor the
time ts to reach the maximum torque decreases. In other words,
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Fig. 10 Difference between two rigid-body rotating angles.

Fig. 11 Stability diagram of time integration related to external
torque ÅT.

Fig. 12 Stability diagram of time integration related to longitudinal
external force ÅR1 .

abrupt large external loads generally result in numerical integration
failures. To identify the parameters and their ranges that cause the
trouble, dimensionless equations of motion (which are derived in
the preceding section) are employed. It is found that NTmax, NR1;max,
NR2;max, and ´ are related to the trouble, where ´ is given by

´ D ts

¯
t¤ (72)

Figures 11–13 are stability diagrams in which parametric regions
for successfuland unsuccessfultime integrationsare shown.Typical

Fig. 13 Stability diagramof time integration related to lateral external
force ÅR2 .

locationsof external load (torque or force) are chosen and described
in Figs. 11–13. In Fig. 11, the transition curve that divides the two
regions rises monotonically as NTmax increases. If NTmax increases,
´ shouldbe increased to avoid the integrationfailure.Figures 12 and
13 show that similar phenomenaoccur with NR1;max and NR2;max. It can
be also found that successful integrations can be always achieved
when external loads are smaller than certainvalues.On the contrary,
integrationfailures always occurwhen external loads are larger than
certain values.

IV. Conclusions
In the present work, a modeling method is proposed for the

dynamic analysis of a � exible beam undergoing free overall mo-
tion. The modeling method employs hybrid deformation variables
including a stretch variable and corresponding linear strain mea-
sures. Even though linear strain measures are employed, the stiff-
ness variation effects induced by overall motion, which are often
critically important to the dynamic analysis of � exible structures,
can be captured accurately by the modeling method. To demon-
strate the accuracy of the modeling method, numerical examples
are solved, and the results of the present modeling method are
compared to those of a nonlinear � nite element modeling method.
The numerical results obtained by the presentmodeling method are
found to be overall in good agreement with those obtained by a
nonlinear � nite element modeling method. The present modeling
method, however, has limitations in applicable ranges. Abrupt or
large external loads often cause integration failures. Dimensionless
parameters related to external loads are identi� ed, and their para-
metric regions for successful (or unsuccessful) time integration are
obtained.
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